THE NORM OF A REE GROUP 



TOM DE MEDTS AND RICHARD M. WEISS 

Abstract. We give an explicit construction of the Ree groups of type G2 as 
groups acting on mixed Moufang hexagons together with detailed proofs of 
the basic properties of these groups contained in the two fundamental papers 
of Tits on this subject, [7] and [8]. We also give a short proof that the norm 
of a Ree group is anisotropic. 



1. Introduction 

The finite Ree groups of type G2 were introduced by Ree in [4]. In [7j, Tits 
showed how to construct these groups over an arbitrary field K in characteristic 
three having an endomorphism whose square is the Frobenius endomorphism of 
K and gave a number of their basic properties. His resuh can be summarized as 
foUows. 

Theorem 1.1. Let K be a field of characteristic 3 and suppose that K has an 
endomorphism 9 such that 

for all X Cz K . Let U denote the set K x K x K endowed with the multiplication: 

(1.2) (a, b, c) • {x,y,z) = {a + x,b + y + a^x, c + z — ay + bx — a^^^x) , 
and let 

(1.3) H = {ht\teK*}, 

where for each t € K* , ht is the map from U to itself given by the formula 

ia,b,c)''' = {ta,t^+\t^+^c). 

Let 

(1.4) iV(a, 6, c) = -ac' + a'+'b' - a'+% - a'b^ + b'+' + - 0^"+^ 

for all (a, b,c) € U and let X denote the disjoint union of U and a symbol 00. Then 
the following hold: 

(i) U is a group with identity (0,0,0) (which we denote by 0) and inverses 
given by 

(a, b, c)~^ = (-a, -b + a*+\ -c) 

and H is a group of automorphisms of U . 

(ii) The map N is anisotropic. This is to say, N{a, b,c) — if and only if 
(a, 6, c) = 0. 
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(iii) Let uj be the map from X to itself that interchanges oo and and maps an 
arbitrary element (a, b, c) of U* to 

(1.5) [~ v/w,—u/w,—c/w), 

where v = a'^b^ - c" + ab'^ + be - a'^'^+^, u = a'^b - ac + b^ - a^+^ and 
w = N(a,b,c). Let U be identified with the permutation group of X that 
fixes 00 and acts on X\{oo} by right multiplication. Let H be identified with 
the permutation group of X that fixes oo and acts on X\{oo} by the for- 
mula (|1.2p (and thus fixes also 0). Let be the subgroup of K* generated 
by {7V(a,6,c) | (a,6,c) e U*} and let 

(1.6) ^{ht\tc, K^) C H. 

Then lu is a permutation of X of order 2 and the subgroup G of Sym(X) 
generated by U and to has the following properties: 
(I) G is a 2-transitive permutation group on X. 
(II) U is a normal subgroup of the stabilizer Goo md Goo — UH^ . 

(III) G = {U,V^). 

(IV) H normalizes G. 

(V) to inverts every element of H. 
(VI) // \K\ > 3, then G is simple. 

Tits' proof of Theorem 1 1.1 1 in 7] is based on the standard embedding of the spht 
Moufang hexagon in 6-dimensional projective space; see also O Section 7.7]. The 
purpose of this note is to give an alternative proof of Theorem 11.11 in which we 
construct the set X inside the mixed hexagon defined over the pair {K, K^), which 
we construct directly without reference to projective space. 

Our motivation is threefold. First, since the Ree groups of type G2 continue to be 
the center of lively interest (see especially [2]), we want give a proof of Theorem ll.il 
in which many of the details left to the reader in [7] are filled in. We also want 
to provide independent confirmation of the accuracy of the formulas occurring in 
Theorem 11.11 (In fact, there is a 6' missing in the second term in the definition 
of the norm and a minus sign missing in front of the whole expression on page 12 
in [7], where is called a and the norm N is called w.) Secondly, we want to 
examine the fact that the map iV, which we call the norm of G, is anisotropic. As 
in [7] , this fact emerges "geometrically" in the course of our proof of Theorem 11.11 
in Section [6l we give a succinct algebraic explanation. Thirdly, we hope that the 
method we use to prove Theorem 1 1 . 1 1 can serve as a model for other calculations in 
Moufang polygons and in more general types of buildings. 

If I if I = 3, then the endomorphism 6 is trivial and the group G is not simple; in 
fact, it is isomorphic to Aut(L2(8)) in this case and thus has a normal subgroup of 
index 3 (which is simple). 

If K is finite, then W ^ H and thus iJ C G (by 4, 8.4]). It is not true in 
general, however, that H — H'^ . We say a few words about this in Section [T] 

We mention that there are also Ree groups of type ^4. The canonical reference 
for these groups is [Sj. 

2. The hexagon of mixed type 

Let if be a field of characteristic 3 and let be a square root of the Frobenius 
endomorphism of K. We now begin our proof of Theorem 1 1.1 1 bv constructing the 
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mixed hexagon associated with the pair {K,d). (See [Qj 16.20 and 41.20] for the 
definition of a mixed hexagon.) Let Ui, U2, . . . ,Ug he six groups isomorphic to the 
additive group of K and let for each i g [1,6], let Xi be an isomorphism from K 
to Ui. Let U+ be the group generated by the groups Ui, U2, ■ ■ ■ ,Uq subject to the 
commutator relations 



(2.1) 



[xi{s),x^{t)] = X3{-St) 
[x2{s),XQ{t)] — X4{st) and 
[xi{s),xe{t)] = X2{''s'^t)x3{~sh'^)x4{s'^t^)x5{st'^) 



for all s,t £ K and [Ui, Uj] — 1 for all other pairs i,j such that 1 < i < j < 6. 
(We are using the convention that [a,b] = a~^b~^ab — {b~^)"'b.) Every element of 
U+ can be written uniquely as an element in the product U1U2 ■ ■ - Uq and there is 
an automorphism p of C/+ interchanging Xi{t) and XT^i{t) for all i e [1,6] and all 
t £ K. Wc will see below that the group U in Theorem 11.11 is the centralizer of p 
in U+. 

Let Uij denote the subgroup UiUi+i ■ ■ - Uj of ?7+ for all i,j such that 1 < i < 
j < 6 (so Ui^i = Ui for each i). For each i S [1,5], let Wi denote the set of right 
cosets in U+ of t/i.e-j:- For each i E [6,10], let Wi denote the set of right cosets 
in U+ of Ui2-ifi. Let W be the disjoint union of Wi,W2, ■ ■ ■ , Wio together with 
two symbols • and For each i S [1,9], let Ei be the set of pairs {x,y} such that 
X € Wi, y € Wi+i and the intersection of x and y is non-empty. Let E be the set 
of (unordered) 2-element subsets of W consisting of {•,*}, {*,x} for all x S Wi, 
y} for all y e Wiq together with all the pairs in i?i U U . . . U £^g. Finally, let 
r be the graph with vertex set W and edge set E. 



{t^i,2<7|3G[/+} = m 

{t/l,3<?| <7Gf/+} = M/3 
{?7l,4<?| ffGf/+} = H/2 

{U^,5g\geU+} = Wi 




W^ = {Ueg\g£U+} 

W^7 = {[/5,63|5et/+} 

W^^{Uisg\g£U+} 
Wci^{U-isg\g£U+} 



Figure 1. The graph F 



Proposition 2.2. The graph T is the Moufang hexagon associated with the hexag- 
onal system {K/K^)° as defined in [9l 15.20 and 16.8]. 

Proof. The maps Xi(s) Xi{s^) for i — 2, 4 and 6, Xi{s) Xi{—s) for i — 3 and 5 
and Xi{s) 1-^ xi{s) extend to an isomorphism from the group U+ defined above to 
the group obtained by setting F = K'', J = K, T{a,b) = 0, a* = a^, N{a) = 
and a X 6 = 2ab for all a,be K in^ 16.8]. By P 7.5], it follows that the graph F 
is precisely the Moufang hexagon associated with the hexagonal system {K/K^)° . 
□ 

Notation 2.3. Let D — Aut(F) and let Z?^ denote the subgroup of D generated 
by all the root groups of F. 
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The group U+ acts faithfuUy by right muhiphcation on the elements of 

VKi U • • • U Wio 

and maps the set E of edges of F to itself. This allows us to identify [/+ with a 
subgroup of fixing the two vertices • and Thus, for example, we have 

(2.4) U^f^ ^U,,xe{t), 

where the cosets and Ui5Xe{t) are vertices in the set Wi and the expression 
on the left means the image of the vertex U15 under the action of the element 
xsit) £ U+. 

We observe that by [9l 35.13], F is not a split hexagon unless K = . In other 
words, F is split if and only if K is perfect. 

3. The automorphisms mi and mg 

Let S denote the apartment of F spanned by the vertices •, J/i.e-i S Wi for 
all i € [1, 5] and Ui2-ifi € Wi for all i S [6, 10]. From now on, we will write Uij in 
place of Uij. Let 

mi = ^(xi(l)) and mg = /i(a;6(l)) , 
where the map is defined (with respect to the apartment S) as in [51 6.1]. Both of 
these elements are contained in the group and both induce reflections on S, mi 
the reflection fixing ★ and Ui and mg the reflection fixing • and Uq. By [HI 32.12], 
we have 

x^itT' = X2{t) and a;5(t)™i = x^it) 

and 

a;i(t)™6 = xzi-t) and 2:2(0""' = ^iit) 
for all t € K. Thus the action of mi on the vertices in Wi is given by 

(3.1) {Ui5xe{t)r'' = U^f'>"'' = C/™^"^(*) = U36X2it) 

- see (|2.4p above - and the action of mg on the vertices in Wio is given by 

(3.2) (C/26Xi(0)'"« = f/2"gi(*)™« = = ;7i4a;5(-i) 
for all t E K. Similarly, we have 

(3.3) {Ui4X5{t)r' = U46X3{t) 

and 

(3.4) {U3ex2{t)r' = Ui3Xi{t) 
for aU t e i^. 

Proposition 3.5. The maps m\ and mg are as in Tahles\^ and\^ (For use in 
Section^ we have recorded also the product mime in Table\^) 

Proof. It is a simple calculation to check using the commutator relations (|2.ip that 
the permutation of the vertex set W described in Table [T] is an automorphism of the 
hexagon F. Moreover, this automorphism induces the same reflection on F as does 
mi and it agrees with mi on the set of neighbors of • and on the set of neighbors 
of C/15 by p.ip and p.3p . By [9, 3.7], it follows that this automorphism equals mi. 
By p. 21) . p.4p and a similar argument, the claim holds for mg. □ 
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* I— » * 

• ^ f/26 

Ul5 Xfiit) U-ifi X2{t) 
UiA X^^{s) Xfiit) H-> Ui(, X2(t) X3{s) 

U13 X4{r) X5(s) X6{t) ^ Use X2(t) X3{a) XA{r) 
U12 X3{u) X4,{r) xs{s) xe(t) ^ Ue X2{t) xsis) X4,{r) xsi-u) 

Ul X2{v) X3{u) X4,{r) Xs{s) Xli(t) ^ Ul X2{t) X3{s) X4,{r + Vt) Xsi—u) X(i{-v) 

s—0 

Ue xi{s) X2{t) X3{r) X4,{u) x^{v) 1 > U12 X3(v) Xi(u) x^(-r) xe,{-t) 

I >U6Xi( — S )X2[ — S t)X3(V + S t) 

I -e,2\ I -1,0 \ 
■ X4('u — s t ) Xs(s t — r) 

U56 Xi{s) X2{t) X3{r) X4{u) Ul3 X4{u) Xs{-r) X(i{-t) 



U56Xi{ — S ^)X2(~S ^t)x3{ — S - S '^t^) 



6) ,2\ 



■ Xiiu — s t 
U46Xi{s)x2{t) X3{r) Ul4X5{-r) Xc{-t) 



U46Xl{ — S ''')X2{ — S ^t)X3{ — S ■ 



U3& X±{s)X2{t) > (7i5 X(,{-t) 

U36Xi[ — S^^)x2(-s''^t) 

U26 xi{s) • 

I » (V26 2;i(— s j 

Table 1. The action of wi on F 

Now let p be the automorphism of ?7+ mentioned above. Thus 

(3.6) x,(tY =x-,^,(t) 

for all i e [1, 6] and all t £ K. By ^ 7.5], p extends to a unique automorphism of 
r which we also denote by p. The automorphism p induces the reflection on the 
apartment S that interchanges • and * as well as Ui and Ug- 
From now on, we set 

(3.7) uj — (mime)'^ . 

Proposition 3.8. The automorphisms p and lu commute with each other and both 
have order 2. 

Proof. Since p has order 2 as an automorphism of [/_(_, it also has order 2 as an 
automorphism of F. By ^ 6.9], uj = (memi)'^ and by [Hi 6.2], ml = me and mg = 
mi. Thus ujf = (mgmi)^ = to. Let d = and e = m| (so [mi,d] = [m6,e] = 1). 
Then d and e both act trivially on the apartment S and by [51 29.12], d centralizes 
Ul and C/4 and inverts every element of Ui for all other i G [1,6] and e centralizes 
and Uq and inverts every element of Ui for all other i E [1, 6]. By [9i 6.7], d and 
e are elements of order 2 (so m^ — dmi and m^ = ewg) and their product (in 
either order) is the unique element of D acting trivially on E that centralizes U2 
and U5 and inverts every element of Ui for all other i € [1,6]. Since U^^ = Ug-i 
for all i e [2,6] and Up = Ue-i for aU i e [1,5], both e™i and (i™'^ centralize U2 
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r/l5 



Ul5 Xii(w) I ™ °' ★ 



Uli X5{v) Xfi{w) 
Uvi Xa{u) X5{v) X6{w) 
Ul2 X3(r) X4{u) X5{v) xeiw) 

Ul X2{t) X3{r) X4{u) X5{v) X6{w) 



> U26 xi{-v) 

>V\4Xb{-vw ja;6(-u; j 



> (736 X\{-v) X2{—u) 

>c/i3a;4(— u vj — w u) xb\—vvj )xfi\—w ) 



1/4,6 xi{-v) X2{-u) x:i{r) 

• Xsi-VW^") X6{ — W^^) 



> Use xi{-v) X2{-u) X3{r) X4{t) 

i"#0 ^ S -1 J- \ / 2 -0\ 
> Ul X2(V W — It — ITOj X3(r — U UI j 

• a;4(— u w — u) ujss^— WW ) X(j(—w ) 

Ue Xl{s) X2{t) X3{r) X4{u) X5{v) l-> Ue Xl{ — v) X2{—u) X3{r — SV) X4{t) X5{s) 

Use Xl{s) X2{t) 2:3(7-) X4{u) Ul X2{~u) X3{r) X4{t) X5{s) 
U46 Xl{s) X2{t) Xs{r) U12 X3{r) X4{t) X5{s) 
U3e Xi{s) X2{t) Ul3 X4{t) X5{s) 

U2e xi{s) Ui4 xry{s) 
Table 2. The action of mg on T 



and U5 and invert every element of Ui for all other i E [1,6]. Thus e™^ = ed = d™". 
It follows by repeated use of these relations that 

{m^^rriQ^)^ = {dmi ■ emg)^ — (mimg)^ 

and hence uj~^ = (rngmi)^^ =10. □ 

Proposition 3.9. Let ip be the map from U to U+ given by 

ip{a, b, c) — xi{a) X2{b) X3{c — ab + a^^"^) x^[c + a6) .15(6 — a^^^) x^{a) . 

Then (p is an injective homomorphism whose image is the centralizer of p in U+. 

Proof. This holds by and (El]). □ 

From now on we identify U with its image in U+ under the map in PropositionO 



Proposition 3.10. Let X be the set of edges ofT fixed by p, let 00 denote the edge 
{•,★} and let G — {U,uj), where lo is as in (|3.7[) . Then the following hold: 

(i) U acts regularly on X\{oo}. 

(ii) G acts 2-transitively on X . 

(iii) G = BU BuB, where B^Goc- 

(iv) U is a normal subgroup of the stabilizer Goo ■ 

(v) G acts faithfully on X . 
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* 1-^ Ul5 

• U\4 

Ul5 Xeit) ^ Ul3 X4,{t) 

Ui4 3:5(5) xeit) t-> Ur2 x-iis) X4{t) 

Ul3 X4{r) Xs{s) X6{t) t-> Ul X2(~r) X-i{s) X4{t) 

U12 x:i(u) X4ir) xsis) X(,(t) ^ Ue xi{u) X2{~r) X3{s) X4{t) 

Ul X2{v) X3{u) X4{r) X5{s) Xe,{t) f^^^ U56 Xi{u) X2{-r) X3{s) X4{t) 

,0-1 f , 2 -6)x 

I > Ul X2{u V — r) X3(S + U V ) 

■ X4{u^v^'^ + v^^r + t) X5{—uv~^) xe{v~^) 
Ue xi{s) X2{t) xsir) X4{u) xsiv) "^^'^^^i U46 xi{r) X2(-u) xs{v) 

s=0,t/0 , 2, -tlx I- 9,-2 , ,-1 N 

I >Ui2X-i[v + rt )X4(rt +t u) 

■ xsi-rt"^) xa(t^^) 



I > Ue, xi(r — s t ) X2(s t — u) 

I -2,8 -1 N / -9,\ I -1\ 

■ xzyv — s t ~s r)X4[-'S t)Xs(—s ) 

Use xi{s) X2it) X3{r) X4iu) Use xi{r) X2(~u) 

I *Ui3X4[rt +t u)X5(-rt ) xe(t ) 

ST^O . -Bj2\ I -1 -2,9\ 

I > Ul X2\—U + S t ) X3\--S r ~ S t ) 

■ X4{~S~^t) Xs{ — S^^) 

U46 xi{s) X2(t) X3{r) ''~°'*~°> U26 xi{r) 



Ui4Xs{-rt )xe{t ^) 

Ul2X3{ — S^^r — S^'^t )X4{ — S^ t) Xs{ — S^^) 



U36 Xl (s) X2 {t) °) ★ 



s=0,t#0 



Ui5Xe{t ^) 



s#0 



s=0 



Ul3X4{~S ^t)x5{-S ^) 



U26 xi{s) 

I *Ui4Xs{-a ) 



Table 3. The action of m\m^ on F 



Proof. Since p interchanges the vertices • and all the edges in X other than 
00 = {•,*} are two-element subsets containing a right coset of Ui and a right coset 
of Uq. Since every element of C/+ has a unique representation in U1U2 ■ ■ ■ Uq, the 
intersection of a right coset of Ui and a right coset of Uq is either empty or consists 
of a unique element. It follows that 

X^{{Uig,Ue9}\geU}u{^}. 

In particular, (i) holds and we can identify U with X\{cx)} via the map that sends 
.g e [/ to {Ui,Ue}^. In particular, now denotes the edge {Ui,Ue} itself. By 
Proposition oj acts on the set X. Since uj interchanges the edges 00 and and 
U acts transitively on X\{(X)}, we conclude that (ii) and (iii) hold. Since U+ is 
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normal in Z?oo (by ^ 4.7 and 5.3]) and G is contained in the centralizer of p, also 
(iv) holds. 

For each x € X\{oo}, there exists a unique apartment T,x of F containing the 
edges X and oo. For each vertex u adjacent to • or there exists (by Proposition l3.9p 
an edge x G X\{cx)} such that u ^ Y,x- If an element g (z G acts trivially on X, 
then it acts trivially on all these apartments and hence is itself trivial by [HI 3.7]. 
Thus (v) holds. □ 

Proposition 3.11. Let H be as in (dig), let D'^ he as in Notation \2.3l let D° 
denote the centralizer of p in D\ and let T denote the two-point stabilizer Z?^ q. 
Then there is a canonical isomorphism n from H to T that is compatible with the 
map if in Proposition 1 3. 91 



Proof. Let g e o- Thus g acts trivially on the apartment E. By 9, 33.16], 
there exist a,u & K* such that xi{sy ~ xi{a^u~^s) and xq{s)^ — X(,{a~^v?s) 
for all s ^ K. By (j3.6[) . g commutes with p (and hence is contained in T) if and 
only if a^u^^ = a~^u^. Since the maps x i— > x^^* and x i— > x'^~^ are inverses of 
each other, we conclude that a = u and the map g i-^ a^+^ is an isomorphism 
from T to K* . Now let t — a^+^, so xi{sY = x\(ts) and x^{sY = x^its) for 
all s £ K. By the commutator relations (|2.ip . it follows that X2{s)^ = X2{t^^^s), 
X3{t)3 = X3(t^+2s), X4(s)9 = X4,{t^+^s) anda;5(s)f = 2:5(^^+15). By Proposition[3ll 
therefore, (a, b, c)^ = ht{a, 6, c), where ht is as in (|1.3p . □ 

From now on we identify H with the two point stabilizer T via the map tt in 
Proposition 13.111 

4. The formula (11.51) 



In this section we show that the norm N defined in (II. 4p is anisotropic and that 
the automorphism u; satisfies (jl.Sp . We will do this by computing explicitly the 
action of w on X using Table [3] 

For each g — (a, b, c) G [/, we have 

(4.1) Uig = Ui X2{b) X3{c -ab + a''+^) 2:4(0 + ab) 2:5(6 - a^+^) Xe{a) 
by Proposition 13.91 and 

(4.2) UignU^{g} 
by Proposition 13. lOf i) . 

Lemma 4.3. Suppose that UiX2{v)x3{il)x4{T^)s5{s)xQ(t) is one of the two vertices 
contained in an edge {Uig, U^g} in the set X\{oo} for some g d U . Then g — 
{t, V, r — vt). 



Proof This holds by (glT]) and (gj]). □ 

We now fix g ~ (a, b, c) £ U* and let u, v and w = N{a, b, c) be as in Theo- 
rem [TTT](iii) . Observe that the following curious identity holds: 

(4.4) w = av + bu + c^. 

Let m — mime (so lo = m^), let a denote the vertex Uig, let f3 = a™ and let 
7 = Our goal is to show that w ^ and that 

(4.5) (a,b,c)'^ = {—v/w,—u/w,—c/w) . 
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Lemma 4.6. Suppose that w =/= and that 

a" Ui X2 (w) X3 (ii) X4 (f) 2:5 {s)xe{i) . 
Then (14. 5p holds if and only if 

(4.7) i=~v/w; 

(4.8) v — —u/w; and 

(4.9) r = — c/w + (— ti/i(;)(— u/w) . 

Proof. Since cj maps X\{oo, 0} to itself, we have a'^ = Uie for some e E U* . The 
claim holds, therefore, by Lemma [4.31 □ 

To begin, we assume that 

(4.10) 6^0, 
so by Table [3] applied to (|4.ip . we have 

= = Ui X2{v) X3{u) X4{f) X5{s) xe{i) , 

where 

1) = b-'c' - a%'-' + a^'+H-^ -c-ah- 

+ ab-'+^c - a'+%''>c + a'+%-'+^ ; 
I = -6-«c + afe-«+i - a'+%-' ; and 

(4.11) 

It is straightforward to check that the following identities hold: 

(4.12) w^hyf - v{v - c) ; 

(4.13) hf^v~c; 

(4.14) 6s® ^-a-b-^{v + c)] and 

(4.15) v^-b-^v. 
Next we assume that 

(4.16) v^Q. 

Thus also w 7^ (by ()4.15|) ). so by a second application of Tabled we have 

= fi^ = UlX2{v) X^{u) X4(f) X^is) (f) , 

where 

(4.17) i ^u%-'^ -f; 

(4.18) u = s + u^v-''; 

(4.19) 7~ = u^ir^ +v^^f + i; 

s — —uv~^ ; and 

(4.20) i^v-^. 
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Note that 

{, = ifv^^ -f by (liTZ)) 

= ij-^b^'^ ■ {bu" ~ bfv) 
^ v-^b-^ ■ {bii^ - v{v - c)) by Km 
= v-^b-^-w by gH} 

= -w/v by (mm). 

In particular, we have 

(4.21) v^b-'^ii-'^w 
as well as 

(4.22) V = -ivv~'^ 
and u^v~^ — r + b~^v~^'w, so 

(4.23) b^u^%-'^ = b^f^ - bfy-'^w + v-'^n? . 
Moreover, 

f^u^v~'^ + v~^f^i bv (|4?T9)) 
= v!'v-'^ +v-^f + b^'^ bv (|4lI1) 
^ (i - r)v-^ + b-^ bv (|iT71) . 

hence 

(4.24) f = - fw"^ + 6"^ 
by (|4?2T|) . and thus 

(4.25) brw — v^'^uP' ~ brv^^w + w . 
We record also that 

(4.26) b^s^v = -abv - - vc 
by 

The vertex a'^ — 7™ lies on an edge contained in X. Hence a" £ W5 (where 
W5 is as in Figure [T]) . It follows that v ^ since otherwise 7™ € W7 by Table [S] 
By (|4.22p . we conclude that 

and by a final application of Table [31 we have 

a'^ = 7™ = Ui X2iv) xs^il) X4(f) X5(s) XQ{i) , 

where 

^ a 1 ^ 

V — u V — r ; 
u = s + u w ; 



s = —uv 



and 
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We now observe that t ^ v ^ = —v/w hy ()4.22|) . so (|4.7p holds. Furthermore, 

—bvw = —b(u^v~^ — r)w 

= -h^yfy + bfw by ^jAlT^ 

= ~b'^[s + u^v-'^Yv + bfw by (gUl) 

= -b'^s% - b'^u^%-'^ + bfw . 

Applying (|4.23p , (I4.25P and (I4.26P to the three terms in this last expression, we find 
that 

—bvw = abi) + i)^ + ct) — b^f^ + w 

= abi) + -e^ + ci) - (?) - c)^ + w by (|4?T3l) 
= -av ~ +w by (|4.15p 

= bu by (113). 

Thus (|4.8p holds. Finally, we have 

wf — w{u^v^'^ + v^^f + t ) 
= wv~^{v — r) + 

= -^"^(u + wf) + by (HUl) 



uvw ^ + vf - 



wi by (|4:22l) 



1 1 I 



by (p:^ 

uuw"^ + v{b~^v'~'^w - ii^^f + b^^) + ww"^ by (|4.24p 



uvw 



■ ^ + (-£' + 6f - -0) + wt)"^ bv (|i?T5l) 



-1 



uvw ' — c by (|4.13p , 

so also ()4.9p holds. By Lemma [4.61 it follows that (14. 5p holds. We conclude that 
w ^ and that the identity (|1.5p holds for all "generic" points in [/*, i.e. for all 
(a,6, c) in U* satisfying (|4.10p and (|4.16p . It is now a much easier calculation to 
show using Table [3] that w ^ and that the identity (jl.Sp holds also when 6 = or 
= 0; we leave the details to the reader. 

5. Properties (I)-(VI) 

By Proposition 13. 8i w is a permutation of X of order 2. To conclude our proof 
of Theorem 11.11 it thus remains only to show that (I)-(VI) hold. By Proposi- 
tion [3ll0ljii) and (v), (I) holds. For each x & X, there exists g G G mapping oo 
to x; let Ux — . If gi, 172 are two elements of G mapping 00 to the same element 
of X, then gig2^ G Goo and thus U^^ — U^^ (since U+ is normal in Doo)- By 
Proposition 13. lOr i). it follows that {X, {Ux)x£x) is a Moufang set (as defined, for 
example, in 1J4 2.1]). Let fi be as in [1] 3.1]. Thus for each a S U* , ii{a) is the 
unique element of Uoallo — U'^aU'^ that interchanges 00 and 0. (Note that this 
is not the same /x as in the definition of mi and mg at the beginning of Section [3] 
above.) By [T| 3.1(ii)], we have 

(5.1) Go,^U-{tiia)fi{b)\a,beU*). 

Proposition 5.2. The following hold: 

(i) Goo = UH\ where is as defined in p.6p . 
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(ii) uj e {U,^^). 

Proof. We have (/i(a)/i(6) | a, 6 G U*) — H'^ by [3l 6.12(ii)], whose proof depends 
only on knowing that the norm N is anisotropic. By l|5.ip . therefore, (i) holds. At 
the conclusion of the proof of 3, 6.12(ii)], it is observed that oj — ^{0, 0, 1). Hence 
(ii) holds. □ 

By Propositions IS.lOT iv) and 15.21 (II) and (III) hold. Since H normalizes both 
U and V^, it follows from (III) that (IV) holds. Let 

(5.3) t ■ (a, 6, c) = htia, b, c) 

for each (a, b,c) £ U and each t £ K*. By (|1.5p . we have 

(5.4) w(t • (a,6,c)) = • tj(a,6,c) 

for all (a, b,c) £U and aU t£ K*. Thus (V) holds. 

Suppose, finally, that \K\ > 3. Let be as in (|1.6p . Thus, in particular, 
(K*f = 7V(0,0,if*) C K^. Since \K\ > 3, it follows that we can choose t £ 
such that i^+i ^ 1. Thus i 7^ 1, so also 7^ 1. We have 

[/it, (a, 0, 0)] = ((1 - t)a, (t - l)t^«+i, 0) , 

[/it, (0,6,0)] = (0,(l-<''+i)6,0) and 

[/it, (0,0,c)] = (0,0,(1 ~t«+2)c) 

for aU a, 6, c e K. Hence C/ C [G, G]. By Proposition IS.lOf iii). (Goo, (w)) is 
a BN-pair (as defined in [HI 2.1]). The group U is nilpotent. By [HI 2.8] and 
Proposition 13.1 Of iv) and (v), it follows that G is simple. Thus (VI) holds. 

6. A MORE ELEMENTARY REASON WHY THE NORM IS ANISOTROPIC 

In this section we give a short algebraic proof that the norm N defined in ()1.4p 
is anisotropic. Let 

(6.1) 17(a,6,c) = (-t>,-uw^-cw^+^) 
for all (a, 6, c) £ U, where, as in (|1.4p and (|1.5p . 

u = a'^b-ac + b'^ - a^+^ 

and w = N{a, b, c) = -ac" + a'^+^b'^ - - a^b"^ + b'>+^ + - a2«+4. We first 

note that 

(6.2) N{VL{a, b, c)) = N{a, b, c)2«+3 

for all (a, b, c) S iJ. This can be checked simply by plugging the definitions of v, u 
and w into (|6.ip . (That this identity oMf^/it to hold follows from 6.18] and (|5.4p .) 
Note, too, that 

(6.3) N{t-{a,b,c))=t^'^+'^N{a,b,c) 
and 

(6.4) Af((a,5,c)-i) = iV(a,6,c) 

for all (a, 6, c) G [/ and all t £ K*, where t ■ (a, b, c) is as in (|5.3p and (a, 6, c)"-'^ is 
as in Theorem II. If il. 

Now fix (a, 5, c) e J7* such that w = 0. 
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Lemma 6.5. v = 0. 

Proof. By and (jO)) . we have 

N{~v, 0, 0) = N{n{a, b, c)) . 
By (fL4| . on the other hand, 7V(-w,0,0) = -1)2^+^. □ 
Lemma 6.6. a ^ Q. 

Proof. Suppose a = 0. Since (a, 6, c) 7^ and w ~ 0, we have c 7^ 0. By (|6.3p . the 
norm of c^^^ • (0, 5, c) is zero. We can thus assume that c = 1. It follows by (|1.4[) 
that 6 7^ 1 but by Lemma [6751 that & = 1. □ 

By ()6.3p and Lemma 16.61 we can assume from now on that a = 1. Hence u = 
means that 

(6.7) b" -c" + +bc-1^0 
and w — = means that 

(6.8) b''^^ + b^ -b-bc + c^ =0. 

By (|6.4p and Lemma l6T5l we also have u(— 1,— 6+ 1,— c) = «((!, 5, c)^^) = and 
thus 

(6.9) b*^ +0" -b^ -b-l + bc~c = 0. 
Adding dSJl) and jOl), we find that 

(6.10) 6*^ + 6- 1 = -&C-C. 

Multiplying this last equation by b and comparing with (|6.8p , we obtain 

(6.11) c{c-b^ + b) = 0. 

Assume first that c = 0. Then by ([ej]) . we have 6'^ + 6^ - 1 = whereas by ([eTTO]) . 
we have 6^ + 6 — 1 = 0. Wc find b^ = b and thus b G {0, 1}, contradicting the 
equality &^ + - 1 = 0. 

Hence c 7^ 0, and it follows from (|6.1ip that c — b^ — b. By (|6.7p . we now obtain 

^ &3 _ ^ _ ^9 . 

from (|6.10p on the other hand, we get 

b^~l^-b'. 

Combining the last two equations, we obtain b^^ — 6®, but then = and hence 
c = after all. With this contradiction, we conclude that the norm N is anisotropic. 

7. The subgroup ift 

If K is finite, then \K\ is an odd power of 3, from which it follows that K* is 
generated by {K*f = N{0, 0, K*) and -1 = A^(0, 1, 1), so = K* and = H. 
This is [H 8.4]. It is not necessarily true, however, that i?^ = H \i K is infinite. 
In this section we illustrate this with an example. As Tits suggests in [SI 1.12], we 
only need to modify what he does there slightly. 

Let F be an odd degree extension of the field with three elements and let K be 
the field of quotients of the polynomial ring F[s^t] in two variables s and t. Since 
\F\ is an odd power of 3, there exists a unique endomorphism 6 of K mapping F 
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to F, t to s and s to whose square is the Frobenius endomorphism. (In what 
follows, the reader may wish to think of s as being formally equal to t^.) 

Proposition 7.1. The group K''r)F{t) is generated by {F{t)*)^ and all irreducible 
polynomials in F[t\ of even degree. 

Proof. Since F is finite, we have F* C . Let / € F[t] be an irreducible polyno- 
mial of even degree over F and let a be a root of / in some splitting field L. Then 
L = F{a) and [L : F] = deg(/) = 2c? for some d. Thus L contains an element f3 
whose square is —1. Since [L : F{P)] — d, there are non-zero polynomials p, q € F[t\ 
of degree at most d such that p + Pq is the minimal polynomial of a over F{(3). 
Thus p + (3q divides /. Hence also p — (3q divides /. Since the polynomial p + (3q is 
irreducible over F{(3), it follows that it is relatively prime to the polynomial p — 
Thus //e equals the product of these two polynomials for some e £ F* . Hence 

f = e{p' +q^)^eN{Oy-\q)£K^ . 

Now suppose that g E F[t\ is the product of distinct irreducible polynomials of 
odd degree. It will suffice to show that g ^ K'^ . Let Fi be the splitting field of g 
over F and let Ki — Fi{s,t). The extension Fi/F is of odd degree by the choice of 
g, so 6 has a unique extension to an endomorphism of A'l (which we continue to call 
9) whose square is the Frobenius map. Let c be an arbitrary root of g in Fi and let 
d = . We define a valuation j/ on Ki with values in Z[-\/3]. First we declare the 
degree of a monomial e(s — (i)™(i — c)" (for e G Fj*) to be n + my/S. If p € Fi[s , t]* , 
we write p as a sum of monomials in the variables t — c and s — d and define i'{p) to 
be the minimum of the degrees of these monomials (minimum with respect to the 
natural ordering of Z[\/3] as a subset of M). Finally we set v{p/q) = v{p) — v{q) for 
all p,q Fi [s, t\. Then v is a well defined valuation on Ki such that h'{g) — 1 and 
z/(a^) = \/3 • iy{a) for all a. 

Now let w = N{a,b,c) for a,b,c e A'l. By ^3, 9.3] (whose proof depends only 
on the fact that the norm is anisotropic), ^{w) is equal to the minimum of (2V3-I- 
4)j/(a), {V5 + iy{b) and 2i'{c). Since (VS + l f = 2\/3+4and {V5+1){V3-1) = 2, 
it follows that i^{kI) = (V3+1)Z[V3]. Since i^{g) = 1 ^ {V3+1)Z[V^], we conclude 
that g ^ k\. Hence g ^ . □ 

Corollary 7.2. K* /K'^ is infinite. 

Proof. There are infinitely many pairwise non-proportional irreducible polynomials 
of odd degree in F\t\. By Proposition !?.!! these polynomials have pairwise distinct 
images in K* jK'^ . □ 
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